
 

LiftingLurie theory is usedtoobtainvaluesfor lift dragon a 3Dwing
Followingfromhorseshoevorticesmodel

superimposing an infiniteof horseshoevorticeswithstrength dr

models a continuous bound aridation distribution Py on lifting line
and a continuous vortexshedfromthewingtrailingedgeTxly

First we needto obtain expressionfor downwashvelocityinducedbyshedwakeon
thebound vortex

Theshedvortexstrength change in boundvortexstrength

drwake drbound dr
boyd dy tody dy

wenowneedtofindthedownwashvelocity inducedby wakeelement dr at an
arbitrary paint on thebound vortex eg yo

using BioSowart lawfor a point level with a semiinfinite vortex

IN Fth
givesmagnitude not direction

We nowfundvelocity with direction



velocity induced atyo by a filamenty with the circulation hasmagnitude

IVI dr
4ThIyoy

toe ariulationmeans it will produce downwash at pointyo

Pd

so velocity in 2 direction dw defined tve T is

dr
4Ayoy

drldydydu
4Ayoy

integrating fromtiptotip
wyo

draydy
yoy

Weneed to determine circulation
usingsome3DequivalentofKuttacondition

our methodwinduestreatingeachchordwisewingsection as 2b aerofoil

limitedtostraightunigs highaspectratios

Startingwith basic ID aerofoil
0008oz pail r d 0 dAlembertparadox

i Ao R AL o

ao lift curveslope 20T

for a 3D wing effective incidence is reducedby ai due to downwash
velocity inducedbyshed vortices

lift vector rotatedclockwiseby ai left



lift drag thenbecome

Leffcosti left
D legsswim a legfdi

agg x ai

V g
ai w y ai F V V smallangles
V I

subbing w y into equation

9 yo 4 Is ldndy dyyoy

using ID fhow approximationfor thinwings localcoefficient is
cc yo Aoyo Refsyo duo yo Ao x ai yo andyo t

from Kutta Joukowsky another expressionforlocal lift coefficient is

ccyo
Har yo
tersely

2
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equating to expressions subbing ai in guis us fundamental lifting line
equation

a yo
2 r yo

aoyo Kc yo
t 9 0 yo t yw fstsldMdy dyyo y

for known aerofoil incidence only unknown to besolved for iscirculation distribution r

Assuming we can solve integro differential equation for r yo
spamise httper unit span is

1 yo Vooryo



therefore total lift is
L pairf.fr y dy and C Is rly dy

corresponding dragper unit span is

d yo yo ai yo
therefore total on'duced drag is

Di pvaf.fry ai y dy Ca fjsf.gry ai y dy

Elliptical Circulation Distribution

Important specialcase where

rly riffs
constant

S yPlugging into w yo 4 2Is FF Iyoy dy

using substitution

y SoosO dy sswiodo

wlo II w so do

w Oo if downwash constant so is induced incidence

Ai Oo W Oo p
V 4Vos

TotalLift for Elliptical Distribution

C surf iv 45ft dial2 72 xiaBE riotAR



i di ARE
2b AR di O V

TotalDrag for Elliptical Distribution
Cbi LEAPT Liftdependent or induced droy A CE

Aat Aliftconditions
eg takeoff landing

Ellipticalcirculation lift distribution hos min induced drag

If youhave elliptical distribution on untrusted wing
Ai Oo

Po is agg a Po
4V S 4V s

local lift coefficient also constant along span
combinationof elliptical lifedistribution constant Cc means
chord distribution must be elliptical

proof in video 2700

for this special case
cc Ao x ai duo Ao R nR K o
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Aa
An

la duo a x the o

lift crimeslope is
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Does theory matchexperimental



separatedflowherewhich
createslargediscrepancy

model we usewiriscidmodelstoTreat soaren'thoping6model
thi

Co2
Cp Cpo t Kci Dot xAR

ourestimationappears T we areferomdelling Is
tobeoutby offsetofrealsmallamount

dueto additional
parasiticdrag isooneffectsetc

In thegeneral case circulationdistribution canbemodelled using a Fourier
sureseries

P O 4SV AnsinnO where y scoso

forelliptic case only the 1sttermA is non zero

P O
elliptic rosin0 where A To ai

4SV

The corresponding induced coincidence distribution in general is

ai O WYO nAnsinnoo
Sido

lift dependsonlyon Ap Cc A aAR

induced dragbecomes Cbi E
aAR Il t8 8 0 forelliptic

estAR
b

where e g spanefficiencyfactor e 1 for elliptic



for untwisted unrig Cc a la de o
Ao

where a do LDlift curveIt IfnHtt slope

Variationof T 8 with AspectRatio

tipchord
rootchord

Variation of 8 withTaperRatio

Effectof AR on Lift Distribution



Effectof X on LiftDistribution

WingPlanforms

Untwisted wings withsame aerofoilsection but different planforms

rectangular f t tapered
elliptical

will have different chord downwashvariation along the span

Spannise Lift
Effective AoA

Elliptical constantacrossspan
Rectangular highest at root

Tapered for wing above highestvalue at n I ofsemi span



ap J wing hey g og p

Stall Behaviour

Elliptical stallfairlyeven acrossspan

Rectangular stall at root first
Tapered stats outboard positionfirst
cirboard stall first is desirable as creates lessroaring moment
outboardstall impairs ailerons

can use geometric twist to have lowerAoA outboard

or aerodynamic twist to use aerofoilsections with lower stallangle
inboard

Induced Drag Summary

From lifting line we can see forgwen lift induceddrag lowestfor
elliptical planform

ellipticwings harder toproduce expensive

Can use taperratios to ache've induceddragsimilar to elliptical

Planform Selection based on compromise

Elliptical

best induced drog

Xmostexpensive

Rectangular

cheapest and herfavourable stall pattern
outboardsection is heavier thannecessary

the lift loadthestructuremust take decreasestowardstip



Taperedwings

can use taperratios to ache've induceddragsimilar to elliptical

stall pattern not favourable
can be overcome with twist

but thiscan increase parasitic
drag pressure skinfriction

Winglets

Aunis to reduce wideneddrag by breaking up tip vortices
Otherbenefits during takeoff wingtip preventedfromstallingjustshorter takeoff

improved aileronresponse
increased stability

They are hard to design
Induceddragmake reduce at cost of otter forms ofdragCan case vibrations in main wring buffeting
can reduceyour control


